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Cumulative Review Problems

This handout contains a bunch of problems that we hope will serve as a good cumulative review for
all the material that we've covered this quarter. If there are any other topics you'd like some addi-
tional practice with, please let us know!

Problem One: Set Theory
Prove or disprove: if A and B are sets, then ℘(A ∪ B) = ℘(A) ∪ ℘(B).

Problem Two: Induction
Prove by induction that if n ∈ ℕ and n ≥ 2, then

log2 3 · log3 4 · log4 5 · … · logn (n + 1) = log2 (n + 1)

You might want to use the change of base formula for logarithms: for any c ∈ ℝ with c > 1,

logab=
logc b

logc a

Problem Three: Graphs
Consider the following graph:

i. Is this graph 4-colorable? Justify your answer.

ii. Is this graph 3-colorable? Justify your answer.

iii. Is this graph 2-colorable? Justify your answer.
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Problem Four: First-Order Logic
Given the predicates

• String(w), which states that w is a string over alphabet Σ;
• TM(M), which states that M is a TM with input alphabet Σ; and
• Accepts(M, w), which states that M accepts w,

along with the function ⟨O⟩, which represents the encoding of some object  O, write a statement in
first-order logic that says “LD ∉ RE.”

Problem Five: Functions
Recall that a Pythagorean triple is a triple (a, b, c) of positive natural numbers such that a2 + b2 = c2.
Let PT be the set of all Pythagorean triples.

Prove that |PT| = |ℕ|. (Hint: Use the Cantor-Bernstein-Schroeder theorem. What happens if you mul-
tiply each number in a Pythagorean triple by the same amount?)

Problem Six: Binary Relations
Let T be a tournament. We can define a new relation R over the players in T as follows: we'll say that
xRy if x beat y.

Prove that the relation R is transitive if and only if there are no cycles in the tournament T.

Problem Seven: The Pigeonhole Principle
Suppose that you have a set S of n > 0 natural numbers. Prove that there must be a nonempty subset
of S where the sum of the numbers in that subset is a multiple of n. (Hint: Number the elements of S
as x₁, x₂, …, x . Then, look xₙ ₁, x₁ + x₂, x₁ + x₂ + x₃, etc.)

Problem Eight: DFAs, NFAs, and Regular Expressions
Let Σ = { a, b } and let L = { w ∈ Σ* | the length of w is a multiple of four and w contains an even
number of b's }.

i. Design a DFA for L.

ii. Design an NFA for the complement of L.

iii. Write a regular expression for the complement of L.
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Problem Nine: Closure Properties of Regular Languages
Prove that if L is a regular language over Σ = { a, b }, then the language { w ∈ L | w contains abba
as a substring } is also a regular language.

Problem Ten: Nonregular Languages
Recall from lecture that a tautonym is a string formed by repeating the same string twice. For exam-
ple, dikdik is a tautonym, as is hotshots. Let Σ = { a, b } and let L = { ww | w ∈ Σ* } be the set of all
tautonyms. Prove that L is not a regular language.

Problem Eleven: Context-Free Grammars
Write a context-free grammar for the language { anbncmdm | m, n ∈ ℕ }.

Problem Twelve: Turing Machines
Draw the state-transition diagram for a TM whose language is { anbncn | n ∈ ℕ }.

Problem Thirteen: R, RE, and co-RE Languages
Many languages that aren't  RE languages have the interesting property that even though the lan-
guage itself isn't  RE, there is a subset of the language containing infinitely many strings that is an
RE language. Such languages are called nonimmune languages.

Prove that LD is nonimmune. This shows that some languages that are in co-RE but not RE can still
be somewhat approximated by an RE language.

Problem Fourteen: Impossible Problems
On Problem Set Eight, you proved that the following language is not RE:

L = { ⟨M⟩ | M is a TM and ℒ(M) is regular }

Prove that this language is not co-RE either. (Hint: Design a self-referential machine that always ac-
cepts all strings of the form anbn, then optionally some more strings.)

Problem Fifteen: P and NP
Prove that for any language L, L is NP-complete if and only if L ≤p 3SAT and 3SAT ≤p L.


